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Abstract
We construct a family {Ys : s ∈ S} of cardinality 2ℵ0 of hereditarily indecomposable continua
which are: (a) n-dimensional Cantor manifolds, for any given natural number n, or (b) hereditarily
strongly infinite-dimensional Cantor manifolds, or else (c) countable-dimensional continua of every
given transfinite inductive dimension, small or large, such that if h :Ys → Ys ′ is an embedding then
s = s′ and h is the identity.
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1. Introduction
A continuum X is hereditarily indecomposable (abbreviated HI), if for any two
intersecting subcontinua K and L of X, either K ⊂ L or L ⊂ K . The first HI continua
of arbitrarily high dimension were constructed by Bing [3]. In [4] he also constructed,
using some idea involving composants which will also be applied below, the first family
of cardinality continuum consisting of topologically different HI continua. An infinite-
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dimensional space is hereditarily strongly infinite-dimensional (abbreviated, hereditarily
SID), if it does not contain any weakly infinite-dimensional subsets of positive dimension
(see Section 2 for definitions). The first hereditarily SID continuum was constructed by
Rubin [15] (cf. [7, Problem 6.1.G]). An infinite-dimensional space is a Cantor manifold,
if it cannot be separated by any finite-dimensional set. By the results of Bing, Rubin and
Tumarkin [16], there exist HI hereditarily SID Cantor manifolds.
We say that continua X and Y have incomparable Fréchet types, if X does not embed in
Y and vice versa. The main goal of this paper is to construct an uncountable collection of
HI n-dimensional (respectively, HI hereditarily SID) Cantor manifolds with incomparable
Fréchet types. We construct also a similar collection of HI continua of every given small
(respectively, large) transfinite dimension ind (respectively, Ind). More precisely, the main
results of this paper are the following theorems.
Theorem 1.1. For every natural number n there exists a family {Ys : s ∈ S}, where
|S| = 2ℵ0 , of hereditarily indecomposable n-dimensional Cantor manifolds such that
(1) no open subset of Ys embeds in Ys ′ for every s = s′, s, s′ ∈ S,
(2) every embedding of Ys into Ys is the identity, for every s ∈ S.
Theorem 1.2. There exists a family {Ys : s ∈ S}, where |S| = 2ℵ0 , of hereditarily
indecomposable hereditarily strongly infinite-dimensional Cantor manifolds satisfying the
conditions (1) and (2) of Theorem 1.1.
Theorem 1.3. For every countable infinite ordinal α there exists a family {Ys : s ∈ S}, where
|S| = 2ℵ0 , of hereditarily indecomposable continua such that indYs = α (respectively,
IndYs = α) satisfying the conditions (1) and (2) of Theorem 1.1.
Theorem 1.2 is an improvement of a result from [12], where we have constructed
continuum many topologically different HI hereditarily SID Cantor manifolds, answering
a question of Yohe [17]. Earlier, Chatyrko and the author constructed in [5] a family
{Xs : s ∈ S} of cardinality continuum of hereditarily SID Cantor manifolds such that no
open subset of Xs embeds in Xs ′ for s = s′; however, these continua were not HI. Various
examples of HI continua of every given transfinite dimension (small or large) were given
in [11].
At the same time, Theorems 1.1–1.3 strengthen some results of Ren´ska [14], who
constructed continuum many topologically different rigid HI n-dimensional Cantor
manifolds (respectively, rigid HI hereditarily SID Cantor manifolds; respectively, rigid HI
continua of every given transfinite dimension, small or large). Recall that a space X is
rigid, if every homeomorphism of X onto X is the identity. For n = 1, Theorem 1.1 is an
immediate consequence of a result of Cook [6], who constructed a one-dimensional HI
continuum, no two of whose non-degenerate subcontinua are homeomorphic.
We will show also, using the results of [13] and Theorems 1.1–1.3, that there exists
a collection {Ys : s ∈ S}, where |S| = 2ℵ0 , of HI n-dimensional continua (respectively,
of HI infinite-dimensional continua without weakly infinite-dimensional subcontinua;
respectively, of HI countable-dimensional continua of given transfinite dimension, small
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or large), satisfying condition (1) of Theorem 1.1 and such that every Ys has exactly n
autohomeomorphisms (see Theorems 4.6, 5.4 and 6.3).
In our constructions we use, among others, some ideas from the papers [5,11,12,14,
13], all of which apply a method of condensation of singularities described in Section 2.
The key role in our constructions of finite-dimensional Cantor manifolds is played by an
example of Bing [3] of an HI irreducible partition between two points of En+1, which has
exactly two complementary domains.
2. Preliminaries
Our terminology follows [7,8]. All spaces are metrizable separable.
A space X is weakly infinite-dimensional if for each infinite sequence (A1,B1),
(A2,B2), . . . of pairs of disjoint closed subsets of X there are partitions Li between Ai
and Bi in X such that
⋂∞
i=1 Li = ∅. A space is strongly infinite-dimensional, abbreviated
SID, if it is not weakly infinite-dimensional (cf. [7, Chapter 6]).
Let us recall that the small (large) transfinite dimension ind (Ind) is the transfinite
extension of the classical small (large) inductive dimension (see [7, Chapter 7]).
A subcontinuum Y of a continuum X is terminal, if every subcontinuum of X which
intersects both Y and its complement must contain Y . A mapping p of a continuum X onto
a continuum Y is atomic if every fiber of p is a terminal continuum in X.
A composant of a point x in a continuum X is the union of all proper subcontinua of
X containing x . Every composant of a continuum X is a dense connected Fσ -subset of X
and every HI continuum has continuum many composants which are pairwise disjoint and
co-dense in X (see [8, §48,VI]).
In our constructions we apply a method of condensation of singularities, which goes
back to Anderson and Choquet [2]. More precisely, we will need the following special
case of Theorem 3.2 of [11], which is based on a method developed by Mac´kowiak [9,10].
Theorem 2.1. Let X be a continuum, {Ki : i ∈ N} a sequence of continua and {ai: i ∈ N}
a sequence of points in X. Then there exist a continuum L(X,Ki, ai) and an atomic map-
ping p :L(X,Ki, ai) → X (called the natural projection) such that if A =⋃∞i=1{ai} then
(i) the set p−1(X\A) is dense in L(X,Ki, ai) and p | p−1(X\A) :p−1(X\A) → X\A
is a homeomorphism,
(ii) p−1(ai) is homeomorphic to Ki for every i ∈ N ,
(iii) if A is dense in X then every non-empty open subset of L(X,Ki, ai) contains p−1(ai)
for some i ∈ N ,
(iv) if X and all Ki are HI then L(X,Ki, ai) is HI,
(v) if n and α are ordinal numbers such that indX  n < ω0 and n indKi  α < ω1
for every i ∈ N then indL(X,Ki, ai)  α, and the same is true if we replace ind
by Ind,
(vi) if X is an n-dimensional Cantor manifold, indKi  n for i ∈ N , and for every com-
posant L of X, L ∩ A is finite (more generally, closed), then L(X,Ki, ai) is an
n-dimensional Cantor manifold,
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(vii) if {xj }∞ is a sequence of points of A convergent to a point x0 /∈ A, then p−1(x0) =j=1
Limp−1(xj ) (i.e., given a metric in L(X,Ki, ai), the Hausdorff distance between
p−1(x0) and p−1(xj ) tends to 0 when j → ∞),
(viii) if C(x) is the composant of x in L(X,Ki, ai) then C(x) = p−1(C(p(x))), where
C(p(x)) is the composant of p(x) in X,
(ix) if X is an infinite-dimensional Cantor manifold then so is L(X,Ki, ai),
(x) if X and all Ki are hereditarily SID then L(X,Ki, ai) is hereditarily SID.
Proof. The construction of the space L(X,Ki, ai) and of the natural projection p :L(X,
Ki, ai) → X is a special case of a construction given in [11, Theorem 3.2]. Namely, we take
as L(X,Ki, ai) the space L(X,Ki,Ai) constructed in [11, Theorem 3.2], where Ai = {ai}
for every i ∈ N . Note that the space L(X,Ki, ai) is a generalization of a space S(X,K,A)
constructed in [5] for A = {a1, a2, . . .}, since S(X,K,A) = L(X,Ki, ai) with Ki = K for
every i ∈ N . The properties (i)–(iii) and (v) are proved in [11, Theorem 3.2].
Property (iv) follows from the fact that the preimage of an HI continuum under an
atomic mapping with HI fibers is also an HI continuum (see [9, Proposition 11(i)]; cf. [11,
Proposition 3.4]) and the proof of (viii) follows from Lemma 2.8 in [11].
The property (vii) follows from the upper-semi-continuity of p−1 (observe that p−1(x0)
is a one-point set and Lsp−1(xj ) ⊂ p−1(x0); cf. [8]).
The property (ix) is a generalization of Lemma 2.5 in [5]. To prove (ix) note that by (i)
and the monotonicity of p, for every partition F in L(X,Ki, ai) between two points, the
set p(F) is a partition in X between two points. If X is an infinite-dimensional Cantor
manifold, then p(F) is infinite-dimensional. Since A is countable, then p(F)\A is infinite-
dimensional and so is p−1(p(F ) \ A) = F \ p−1(A), by virtue of (i). Thus F is also
infinite-dimensional.
By virtue of (v), to prove (vi) it suffices to show that if X is an n-dimensional Cantor
manifold, then for every partition F in L(X,Ki, ai), indF  n − 1. This follows from
a reasoning given in [14, proof of Theorem 3.1]. Namely, since p(F) is a partition in X,
then indp(F)  n − 1. Take an (n − 1)-dimensional continuum K contained in p(F).
Then K is contained in some composant L of X and A ∩ L is closed. Thus K ∩ A is a
closed countable subset of K , so ind(K \A) n− 1 and, by (i), indp−1(K \A) n− 1.
But p−1(K \A) ⊂ F , so indF  n− 1.
Finally, the proof of property (x) can be obtained by a slight modification of the proof of
Lemma 2.7 in [5], where (x) was proved in the special case when for every i ∈ N , Ki = K
for some given continuum K . 
3. Main lemmas
Lemma 3.1. Suppose that B , C and D are three HI continua such that B does not embed in
C, C does not embed in B , B does not embed in D and no open subset of C embeds in D.
Then there exists a family {Xs : s ∈ T } of topologically different HI continua, such that
(1) every Xs is of the form Xs = L(D,Ki, ai), where Ki ∈ {B,C} for every i = 1,2, . . . ,
and every composant of D contains finitely many ai ’s,
(2) Xs does not embed into a proper subset of Xs ′ for s, s′ ∈ T .
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Proof. Let us choose a sequence L0,L1,L2, . . . of different composants of D. Since every
Ln is dense in D, one can choose a sequence
p11,p21,p22,p31,p32,p33, . . . , pn1,pn2, . . . , pnn, . . .
of different points of D converging to a point p00 ∈ L0 such that pnj ∈ Ln for every n ∈ N
and j = 1,2, . . . , n.
Let T be the collection of all monotone increasing sequences (n1, n2, . . .) of natural
numbers with n1 = 1. Then |T | = 2ℵ0 .
For every s = (n1, n2, . . .) ∈ T let us enumerate the points {pnij : i ∈ N, j = 1, . . . , ni}
into a sequence a1(s), a2(s), . . . so that a1(s) = p11. Let Xs = L(D,Ki, ai(s)), where
K1 = B and Ki = C for all i  2, and let ps :Xs → D be the natural projection.
By Theorem 2.1(iv), every Xs is HI.
By Theorem 2.1(viii), if K is a composant of Xs , then K is of the form p−1s (L), where
L is a composant of D. Thus
(a) K is homeomorphic to L, if L /∈ {Ln1 ,Ln2 , . . .}, so K embeds in D, or
(b) K is homeomorphic to the union of a set homeomorphic to L1 \ {p11} ⊂ D and of
a continuum p−1s (p11), homeomorphic to B , if L = Ln1 = L1, or else
(c) K is homeomorphic to the union of a set homeomorphic to Lni \
⋃{pnij : j ∈
1,2, . . . , ni} ⊂ D and of ni subcontinua p−1s (pnij ), i = 1,2, . . . , ni , homeomorphic to C,
if L = Lni for i > 1.
We will say that a continuum M has the property (∗), if no open subset of M embeds in
D and M does not embed in B . Note that every p−1s (ai(s)), where i  2, is a subcontinuum
of Xs maximal with respect to the property (∗). Moreover, if a subcontinuum M of Xs is
not a subset of
⋃{p−1s (ai(s)): i  2}, then M does not have the property (∗). Let s, s′ ∈ T
be such that s = (1, n2, n3, . . .) = s′ = (1, n′2, n′3, . . .). Then Xs is not homeomorphic
to Xs ′ . Indeed, either (1) there exists ni0 such that ni0 = n′j for every j ∈ N , or (2)
there exists n′j0 such that n
′
j0
= ni for every i ∈ N . In the case (1), Xs has a composant
containing exactly ni0 different subcontinua maximal with respect to property (∗) (namely,
this property has the composant p−1s (Lni0 )), while Xs ′ does not have such a composant.
In the case (2), Xs ′ has a composant containing exactly n′j0 different subcontinua maximal
with respect to (∗), while Xs does not have such a composant. Since homeomorphic spaces
have homeomorphic composants, Xs is not homeomorphic to Xs ′ .
We will show that if s, s′ ∈ T , then Xs ′ is not homeomorphic to any proper subset of Xs .
This will imply immediately that no Xs is homeomorphic to its proper subcontinuum, and
that Xs ′ does not embed in Xs if s = s′.
Suppose that there exists an embedding h :Xs ′ → Xs such that h(Xs ′) is a proper
subcontinuum of Xs . Then h(Xs ′) is contained in some composant K of Xs . The
composant K satisfies (a), (b) or (c). Note that Xs ′ contains topological copies B˜ and
C˜ of B and C, respectively. Indeed, we can put B˜ = p−1
s ′ (a1(s
′)) = p−1
s ′ (p11) and C˜ =
p−1
s ′ (a2(s
′)).
If K satisfies (a), then both B and C embed in D—a contradiction.
If K satisfies (b), then (since h(C˜) does not embed in D) h(C˜) must intersect
p−1s (a1(s)) = p−1s (p11), which is homeomorphic to B . But then either h(C˜) ⊃ p−1s (a1(s))
or h(C˜) ⊂ p−1s (a1(s)), a contradiction.
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If K satisfies (c), then (since h(B˜) does not embed in D) h(B˜) must intersect
subcontinuum p−1s (pnij ) for some i  2 and j ∈ {1,2, . . . , ni}, which is homeomorphic
to C. But then again either B embeds in C or vice versa—a contradiction.
This ends the proof. 
Lemma 3.2. Let {Xs : s ∈ T } be a family of topologically different HI continua such that
Xs does not embed as a proper subset of Xs ′ for any s, s′ ∈ T and |T | = 2ℵ0 . For every
s ∈ T take a sequence {ai(s): i ∈ N} of points of Xs such that both sets {a2i−1(s): i ∈ N}
and {a2i(s): i ∈ N} are dense in Xs and ai(s) is in the same composant as aj (s) iff i = j .
Let s0, s1, s2, . . . be a sequence of different elements of T and let S = T \ {s0, s1, s2, . . .}.
Then |S| = 2ℵ0 . For s ∈ S let Ys = L(Xs0,Ki(s), ai(s0)), where for j ∈ N , K2j−1(s) = Xs
and K2j (s) = L(Xsj ,Mi(j), ai(sj )), where Mi(j) = Xsj for every i ∈ N . Then
(1) no open subset of Ys embeds in Ys ′ , for s, s′ ∈ S, s = s′,
(2) if h :Ys → Ys is an embedding for s ∈ S, then h(Ys) = Ys and h = id.
Proof. To prove (1) take an open subset U of Ys and let s′ = s, s, s′ ∈ S.
Note first that Xs is not homeomorphic to a proper subset of Ys ′ . Indeed, let h :Xs → Ys ′
be an embedding into a proper subset of Ys ′ . Since h(Xs) is not embeddable into Xs0 , then
it must intersect Ki0(s′) for some i0 ∈ N , so either h(Xs) ⊂ Ki0(s′) or h(Xs) ⊃ Ki0(s′).
But Ki0(s′) is homeomorphic either to Xs ′ or to some L(Xsj ,Mi(j), ai(sj )), where
Mi(j) = Xsj for every i . In the former case, we get immediately a contradiction, since
Xs and Xs ′ have incomparable Fréchet types. In the latter case we must have h(Xs) ⊂
L(Xsj ,Mi(j), ai(sj )), where Mi(j) = Xsj for every i . But then either h(Xs) embeds in
Xsj , or Xsj embeds in h(Xs), contrary to the fact that Xs and Xsj have incomparable
Fréchet types.
Now note that U contains some p−1s (a2i−1(s)), which is a topological copy of Xs , so
U does not embed in Ys ′ .
To prove (2) suppose that h :Ys → Ys is an embedding. If h(Ys) = Ys , then h(Ys) is
contained in some composant K of Ys . We have three possibilities.
(a) K is homeomorphic to a subset of Xs0 . Since Ys contains a copy of Xs , then Xs
embeds in Xs0 —a contradiction.
(b) K is homeomorphic to the union of a subset of Xs0 and a set homeomorphic to Xs .
This is impossible, since Ys contains a copy of Xs1 which is not embeddable neither in Xs0
nor in Xs , and Xs does not embed in Xs1 .
(c) K is homeomorphic to the union of a subset of Xs0 and of the set X˜sj =
p−1s (a2j (s0)), which is homeomorphic to L(Xsj ,Mi(j), ai(sj )), where Mi(j) = Xsj for
every i . This is impossible, since Ys contains a copy of Xsj+1 which is not embeddable
neither in Xs0 nor in Xsj and Xsj does not embed in Xsj+1 .
This proves that h(Ys) = Ys . Let ps :Ys → Xs0 be the natural projection. Note that every
open subset of X˜sj contains a copy of Xsj , so it does not embed neither in Xs0 nor in Xs .
We say that a proper subcontinuum L of Ys has property (∗∗), if no open subset of L
embeds neither in Xs0 nor in Xs .
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But X˜sj , where j ∈ N , are the only proper subcontinua of Ys which are maximal with
respect to the property (∗∗). Thus, for every j ∈ N , h(X˜sj ) = X˜sk for some k ∈ N . Since
no two different X˜sj ’s are homeomorphic, we have h(X˜sj ) = X˜sj for every j ∈ N .
For every point x ∈ Ys \ p−1s (
⋃∞
i=1 ai(s0)), the point ps(x) is a limit of a subsequence{a2jn(s0)}∞n=1 of {a2j (s0)}∞j=1, so by condition (vii) of Theorem 2.1 we have x =
p−1s ps(x) = Limp−1s (a2jn(s0)) = Lim X˜sjn = Limh(X˜sjn ) = h(x). Since the set Ys \
p−1s (
⋃∞
i=1 ai(s0)) is dense in Ys , the map h is the identity. 
4. Proof of Theorem 1.1
For n = 1 Theorem 1.1 is an immediate consequence of the following
Lemma 4.1 (H. Cook [6]). There exists a one-dimensional HI continuum K no two of
whose non-degenerate distinct subcontinua are homeomorphic.
Indeed, any family of cardinality continuum consisting of pairwise disjoint non-trivial
subcontinua of the Cook’s continuum K satisfies the conditions of Theorem 1.1.
We will prove now Theorem 1.1 for arbitrary n ∈ N . In particular, for n = 1 we will
obtain another proof of this theorem, which does not make use of Cook’s example.
First we will prove the following lemmas.
Lemma 4.2. For every n ∈ N there exists an n-dimensional HI Cantor manifold K such
that no proper subcontinuum of K is homeomorphic to K .
Proof. Let a and b be two different points of the Euclidean space En+1. As proved by Bing
[3, Theorem 3], there exists an HI continuum K which has exactly two complementary
domains U  a and V  b and which is irreducible with respect to separating a from b. By
virtue of a theorem of Alexandroff (see [1, Theorem 4′, p. 434] or [8, §59, IV, Theorem 3
and §50, II, Theorem 8]), K is an n-dimensional Cantor manifold. Suppose that there
exists a proper subcontinuum K ′ of K which is homeomorphic to K . By Alexandroff’s and
Borsuk’s theorem (see [1, Theorem 3, p. 431] or [8, §59, II, Theorem 10]), K ′ disconnects
En+1. Let En+1 \ K ′ = W1 ∪ W2, where W1 and W2 are disjoint, open and non-empty
subsets of En+1. Since K is an irreducible partition between a and b, the set En+1 \ K ′ is
connected between a and b. Thus, since U and V are connected, the set U ∪V is contained
in one of the sets W1 and W2. Suppose that, for example, U ∪ V ⊂ W1. Then W2 ⊂ K ,
contrary to the fact that K is co-dense in En+1. 
Lemma 4.3. For every n ∈ N there exist three n-dimensional HI Cantor manifolds B , C
and D such that B does not embed into C and vice versa, B does not embed in D and no
open subset of C embeds in D.
Proof. Let K be an n-dimensional HI Cantor manifold which is not homeomorphic to any
of its subsets, constructed in Lemma 4.2.
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Let a1, a2, . . . , be a countable dense subset of K such that ai and aj belong to the same
composant of K iff i = j .
Let B = L(K,Ki, ai), where K1 = K2 = K and Ki = {ai} for i  3. Let pB :B → K
be the natural projection. Then the set p−1B (ai) is homeomorphic to K if i = 1,2 and is
degenerate if i  3.
Put C = L(K,K ′i , ai), where K ′i = K for every i = 1,2, . . . . Let pC :C → K be the
natural projection.
Since each composant of K contains at most one point ai , by conditions (iv) and (vi) in
Theorem 2.1, B and C are HI n-dimensional Cantor manifolds.
It is easy to see that B contains exactly two proper subcontinua homeomorphic to K ,
while C contains infinitely many pairwise disjoint topological copies of K . Thus B and C
are not homeomorphic.
Since every composant of B (respectively, C) is the preimage under pB (respectively,
pC ) of a composant of K , then every composant of B (respectively, C) contains at most
one subcontinuum homeomorphic to K .
We will show first that C does not embed in B . Suppose that h :C → B is an
embedding. Then h(C) is contained in some composant L of B . But C contains infinitely
many different subcontinua homeomorphic to K , while L contains at most one such
subcontinuum. This gives a contradiction.
Similarly, if h :B → C is an embedding, then h(B) is contained in a composant of C,
which has at most one subcontinuum homeomorphic to K , while h(B) has exactly two
such subcontinua. This again is a contradiction.
Put D = K . Then B is not embeddable in D, since it contains a proper subset
homeomorphic to K . Similarly, every open subset of C contains a copy of K (see condition
(iii) in Theorem 2.1), so it does not embed in D. 
Proof of Theorem 1.1. Let B , C and D be HI n-dimensional Cantor manifolds
constructed in Lemma 4.3. By Lemma 3.1 there exists a family {Xs : s ∈ T } of
topologically different HI continua, such that every Xs is of the form Xs = L(D,Ki, ai),
where Ki ∈ {B,C} for every i = 1,2, . . . , and Xs does not embed into a proper subset of
Xs ′ for s, s′ ∈ T . Since, moreover, no composant of D contains infinitely many ai ’s, then,
by virtue of Theorem 2.1(vi), every Xs is an n-dimensional Cantor manifold.
Let {Ys : s ∈ S} be the family of cardinality 2ℵ0 obtained by applying Lemma 3.2
to the family {Xs : s ∈ T }. Then no open subset of Ys embeds in Ys ′ , for s, s′ ∈ S,
s = s′, and if h :Ys → Ys is an embedding for some s ∈ S, then h(Ys) = Ys and
h = id. Every Ys is of the form L(Xs0,Ki(s), ai(s0)), where Xs0 , K2j−1(s) = Xs and
K2j (s) = L(Xsj ,Mi(j), ai(sj )) (with Mi(j) = Xsj for i, j ∈ N ) are all n-dimensional
Cantor manifolds (in the case of K2j (s) one can apply Theorem 2.1(vi)—recall that for
i = k the points ai(s) and ak(s) belong to different composants of Xs ). So again by (vi),
every Ys is an n-dimensional Cantor manifold. 
It follows that continua Ys , for s ∈ T , satisfy all conditions of Theorem 1.1.
From Theorem 1.1 and the results of [13] we obtain the following result.
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Theorem 4.4. For every n,m ∈ N there exists a family Xmn = {X(K): K ∈ T } of
cardinality 2ℵ0 consisting of n-dimensional HI continua, such that
(1) no open subset of X(K) embeds in X(K′) for every K =K′, K,K′ ∈ T ,
(2) for every K ∈ T the group G(X(K)) of homeomorphisms of X(K) onto X(K) is the
cyclic group of order m.
Proof. Fix n ∈ N . If n 2, letK= {Ki : i ∈ N} be any sequence of topologically different
n-dimensional HI Cantor manifolds. If n = 1, let K= {Ki : i ∈ N} be a family of different
subcontinua of the Cook’s continuum K (see Lemma 4.1). As we have proved in [13,
Theorem 1.1], given such a sequenceK, there exists an HI n-dimensional continuum X(K)
satisfying (2) such that there exists a mapping pK :X(K) → P onto the pseudo-arc P and
a subset A of P such that
if a ∈ A, then p−1K (a) is homeomorphic to some Ki, for i ∈ N, (1)
pK | p−1K (P \ A) is one-to-one, and (2)
every open subset of X(K) contains p−1K (a) for some a ∈ A. (3)
There exists a family T of cardinality continuum consisting of sequences of HI n-
dimensional Cantor manifolds not embeddable in P such that if K,K′ ∈ T , K =K′, K ∈
K and K ′ ∈K′, then K does not embed in K ′ and vice versa. For n 2 this follows from
Theorem 1.1. For n = 1 we can assume that the family {K: K ∈ K, K ∈ T } consists of
disjoint subcontinua of the Cook’s continuum K . Then the family Xnm = {X(K): K ∈ T },
satisfies the required conditions.
Indeed, let K = {Ki : i ∈ N} and K′ = {K ′i : i ∈ N} be two different elements of T ,
U be an open subset of X(K) and h :U → X(K′) be an embedding. By (3), U contains
p−1K (a0) for some a0 ∈ A. By (1), the continuum p−1K (a0) is homeomorphic to some Ki0 .
By (2), p−1K (P \ A) is homeomorphic to P \ A. Since h(p−1K (a0)) does not embed in P ,
then it must intersect some p−1K′ (a1) for a1 ∈ A. By (1), p−1K′ (a1) is homeomorphic to some
K ′j0 . Since X(K′) is HI, we have either h(p
−1
K (a0)) ⊂ p−1K′ (a1) or p−1K′ (a1) ⊂ h(p−1K (a0)),
contrary to the fact that Ki0 and K ′j0 have incomparable Fréchet types. This proves that U
does not embed in X(K′) and ends the proof of the theorem. 
Let us observe that every space Ys from the family constructed in Theorem 1.1 is a rigid
n-dimensional Cantor manifold. The first example of such a space was given by Ren´ska in
[14]. We will show that by combining the methods of this paper and of an idea from [14]
one can obtain the following example of a rigid n-dimensional Cantor manifold, which is
simpler than the examples of this type mentioned above.
Example 4.5. An HI n-dimensional Cantor manifold Xn such that every embedding of Xn
into Xn is the identity.
Let K be as in Lemma 4.2. Let L1,L2, . . . be a sequence of different composants of K
and let {d1, d2, . . .} be a dense subset of K such that di ∈ Li . For every i ∈ N let Ai be a
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countable compact subset of Li such that the ith derivative (Ai)(i) of Ai is equal to {di}. Let
us arrange the points of A =⋃∞i=1 Ai into a sequence {a1, a2, . . .}. Let Xn = L(K,Ki, ai),
where Ki = K for every i ∈ N and let p :Xn → K be a natural projection. Then Xn is an
HI n-dimensional Cantor manifold by Theorem 2.1(vi).
To prove that every embedding h of Xn into Xn is the identity, first notice that if Z
is a subcontinuum of Xn homeomorphic to K then Z = p−1(a) for some a ∈ A. Indeed,
since Z does not embed in K \ A, then there is an a ∈ A such that Z ∩ p−1(a) = ∅. Thus
Z ⊂ p−1(a) or vice versa and since both sets are homeomorphic to K then Z = p−1(a).
For every i ∈ N the set Mi =⋃a∈Ai p−1(a) is contained in a composant p−1(Li) of Xn.
Moreover, the set Ai is the space of decomposition of Mi into components, so Mi does
not embed into Mj for i > j (and p−1(Li) is not homeomorphic to p−1(Lj ) for i = j ).
It follows that h(Xn) is not contained in any composant of Xn, so h(Xn) = Xn. Since h
maps composants of Xn onto composants of Xn then
for every a ∈ Ai there is an a′ ∈ Ai such that h
(
p−1(a)
)= p−1(a′) (4)
and
h(Mi) = Mi for every i ∈ N. (5)
Let h˜ :K → K be defined by h˜(x) = php−1(x). By (4), h˜ is well defined and by the upper-
semi-continuity of p−1, h˜ is continuous. By (4) and since p | p−1(K \ A) is one-to-one,
the map h˜ is a homeomorphism. By (5), h˜(Ai) = Ai , so h˜(di) = h˜(A(i)i ) = A(i)i = di . Since
{di}∞i=1 is dense in K , then h˜ is the identity. Since p | p−1(K \ A) is one-to-one, then for
every y = p−1(x), where x ∈ K \ A, we have h(y) = p−1h˜(x) = p−1(x) = y , hence h
coincides with the identity on p−1(K \ A). Since p−1(K \ A) is dense in Xn, h is the
identity on Xn. This ends the proof.
5. Proof of Theorem 1.2
We will need the following lemmas.
Lemma 5.1 [12, Corollary 4.3]. For every hereditarily SID compactum K there exists an
HI hereditarily SID Cantor manifold X no open subset of which embeds in K .
Lemma 5.2. There exist three HI hereditarily SID Cantor manifolds B , C and D such that
B does not embed in C, C does not embed in B and no open subset of B or C embeds
in D.
Proof. First notice that by virtue of Lemma 5.1 there exists a sequence M0,M1,M2, . . .
of HI hereditarily SID Cantor manifolds such that no open subset of Mj embeds in Mi if
j > i . Indeed, let M0 be any HI hereditarily SID Cantor manifold and suppose that n 1
and M0,M1,M2, . . . ,Mn−1 are already defined. Let K = M0 ⊕ · · · ⊕ Mn−1. Since K is
a hereditarily SID compactum, by Lemma 5.1 there exists an HI hereditarily SID Cantor
manifold Mn no open subset of which embeds in K . Of course, Mn does not embed into
Mj for j < n.
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Put D = M0.
To construct B and C, take a sequence L1,L2,L3, . . . of different composants of M1
and let p1,p2,p3, . . . be a sequence of points of M1 converging to p1 such that pi ∈ Li .
Let B = L(M1,Ki, ai), where Ki = M2i and ai = {p2i} for i = 1,2, . . . , and let pB :B →
M1 be the natural projection. Similarly, let C = L(M1,K ′i , a′i ), where K ′i = M2i+1 and
a′i = {p2i+1} for i ∈ N and let pC :C → M be the natural projection. Since all Mi are
HI, B and C are HI. Moreover, since M1 is a Cantor manifold then B and C are Cantor
manifolds (see Theorem 2.1(ix)). Let A =⋃∞i=1{ai}.
Since all Mi are hereditarily SID, both B and C are hereditarily SID by Theorem 2.1(x).
Since every p−1B (a), for a ∈ A∪{p1}, is co-dense and closed in B and p−1B (A∪{p1}) is
closed in B , then p−1B (M1 \ (A∪ {p1})) is an open subset of B which is dense in B by the
Baire theorem. Thus, every open subset U of B contains topologically an open subset of
M1 and therefore U does not embed in D = M0. Similarly one proves that no open subset
of C embeds in D.
Now note that B and C are not homeomorphic. Indeed, every K˜i = p−1B (ai)
(respectively, K˜ ′i = p−1C (a′i )), is a subcontinuum of B (respectively, of C) maximal with
respect to the property that no open subset of it embeds in M1. Thus every homeomorphism
of B onto C must map K˜i onto some K˜ ′j , for every i ∈ N . This is impossible, because M2i
is not homeomorphic to M2j+1, for any i, j ∈ N .
We will show now that B does not embed in C. Suppose that h :B → C is an
embedding. Then h(B), being a proper subcontinuum of C, is contained in some
composant of C. Since B contains a topological copy p−1B (a2) of M2, which is not
embeddable in M1, then h(B) must be contained in a composant of C equal to p−1C (L2i+1)
for some i ∈ N . Note that p−1C (L2i+1) is the union of the set p−1C (L2i+1 \ {a′2i+1}), which
is homeomorphic to a subset of M1, and of the set M˜2i+1 = p−1C (a′2i+1), homeomorphic
to M2i+1. On the other hand, B contains a set M˜2i+2 = p−1B (a2i+2), homeomorphic to
M2i+2. Since no open subset of M˜2i+2 embeds in M1, then h(M˜2i+2) ⊂ M˜2i+1. Thus
M2i+2 embeds in M2i+1, a contradiction.
Similarly, one can prove that C does not embed in B . Indeed, if h :C → B is an
embedding, then h(C) is a subset of some composant p−1B (L2i ). Taking a copy M˜2i+1 of
M2i+1 in C we see that h(M˜2i+1) must be contained in p−1B (a2i), which is homeomorphic
to M2i . This again is a contradiction. 
Proof of Theorem 1.2. Let B , C and D be HI hereditarily SID Cantor manifolds
constructed in Lemma 5.2. By Lemma 3.1 there exists a family {Xs : s ∈ T } of
topologically different HI continua, such that every Xs is of the form Xs = L(D,Ki, ai),
where Ki ∈ {B,C} for every i = 1,2, . . . , and Xs does not embed into a proper subset
of Xs ′ for s, s′ ∈ T . By virtue of conditions (ix) and (x) in Theorem 2.1, every Xs is
a hereditarily SID Cantor manifold.
Let {Ys : s ∈ S} be the family of cardinality 2ℵ0 obtained by applying Lemma 3.2 to the
family {Xs : s ∈ T }. Then no open subset of Ys embeds in Ys ′ , for s, s′ ∈ S, s = s′, and if
h :Ys → Ys is an embedding for s ∈ S, then h(Ys) = Ys and h = id. Every Ys is of the form
L(Xs0,Ki(s), ai(s0)), where Xs0 , K2j−1(s) = Xs and K2j (s) = L(Xsj ,Mi(j), ai(sj )),
where Mi(j) = Xsj , for i, j ∈ N , are all hereditarily SID Cantor manifolds (by the
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assumption and (ix) and (x)). So again by (ix) and (x), every Ys is a hereditarily SID Cantor
manifold, which ends the proof. 
From Theorem 1.2 and the results of [13] we obtain the following result.
Theorem 5.3. For every m ∈ N there exists a family Xm = {X(K): K ∈ T } of cardinality
2ℵ0 consisting of HI continua all of whose non-trivial subcontinua are strongly infinite-
dimensional, such that
(1) no open subset of X(K) embeds in X(K′) for every K =K′, K,K′ ∈ T ,
(2) for every K ∈ T the group G(X(K)) of homeomorphisms of X(K) onto X(K) is the
cyclic group of order m.
Proof (Sketch). As shown by [13, proof of Theorem 1.3], given a family K= {Ki : i ∈ N}
of any topologically different HI hereditarily SID Cantor manifolds, there exists an HI
continuum X(K) without non-trivial strongly infinite-dimensional subcontinua, satisfying
condition (2), a mapping pK :X(K) → P onto the pseudo-arc P and a subset A of P such
that the conditions (1)–(3) given in the proof of Theorem 4.4 are satisfied.
By Theorem 1.2, one can choose a family T of sequences of HI hereditarily SID Cantor
manifolds with |T | = 2ℵ0 such that if K = {Ki : i ∈ N} and K = {K ′i : i ∈ N} are two
different elements of T and i, j ∈ N , then Ki does not embed in K ′j and vice versa. Then
the family Xnm = {X(K): K ∈ T }, satisfies the required conditions. The proof is similar to
the proof of Theorem 4.4. 
6. Proof of Theorem 1.3
Let us recall that if X is an HI infinite-dimensional continuum, then x is a Bing point in
X if every non-trivial subcontinuum K of X containing x is infinite-dimensional (cf. [11]).
The set of Bing points of infinite-dimensional continuum X will be denoted by B∞(X).
Note that if X and Y are HI infinite-dimensional continua and h :X → Y is an embedding,
then h(B∞(X)) = B∞(Y )∩ h(X).
Lemma 6.1. Let α be a countable infinite ordinal. There exist three HI continua B , C and
D such that D is a two-dimensional Cantor manifold, indB = indC = α (respectively,
IndB = IndC = α), B does not embed in C and vice versa, and no open subset of B or C
embeds in D.
Proof. Let D be any HI two-dimensional Cantor manifold. By Example 5.2 of [11] there
exist HI continua K,L with indK = indL = α (respectively, IndK = IndL = α) such
that K has exactly one Bing point and L has exactly two Bing points. Let X be any HI
three-dimensional Cantor manifold and let a1, a2, . . . be a sequence of points of X such
that ai and aj belong to the same composant of X iff i = j . Let B = L(X,Ki, ai), where
K1 = K2 = K3 = K and Ki = {ai} for i  4. Put also C = L(X,K ′i , ai), where K ′1 = L
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and K ′ = {ai} for i  2. By Theorem 2.1, (iv) and (v), B and C are HI continua withi
indB = indC = α (respectively, IndB = IndC = α).
It is easy to see (cf. Theorem 2.1(viii)) that B∞(B) = {b1, b2, b3}, where b1, b2, b3 are
some points belonging to different composants of B . Also, B∞(C) = {c1, c2}, where c1
and c2 are some points lying in the same composant of C.
Since B has more Bing points than C, then B does not embed in C. Let us prove that C
does not embed in B . Suppose on the contrary that h :C → B is a proper embedding. Then
h(C) is contained in some composant of B . But every composant of B contains at most
one Bing point, while h(C) has two Bing points, which gives a contradiction. Finally, note
that both spaces B and C have open dense subsets having dimension 3 at every point (see
Theorem 2.1(i)), hence no open subset of B or C embeds in D. 
Proof of Theorem 1.3. We will give the proof of this theorem in the case when small
transfinite dimension is considered, the proof for Ind is analogous. Applying Lemma 3.1
to the continua B , C and D constructed in Lemma 6.1 (where indB = indC = α), we get
a family {Xs : s ∈ T } of cardinality 2ℵ0 of topologically different HI continua, such that
every Xs is of the form Xs = L(D,Ki, ai), where Ki ∈ {B,C} for every i = 1,2, . . . , and
Xs does not embed into a proper subset of Xs ′ for s, s′ ∈ T . By Theorem 2.1(v), we have
indXs = α for every s ∈ T . Note also that since D is a two-dimensional Cantor manifold,
the dimension at every point of Xs is  2 (cf. the proof of condition (vi) in Theorem 2.1).
Now, we will modify the construction given in Lemma 3.2.
Let s1, s2, . . . be a sequence of different elements of T and let S = T \ {s1, s2, . . .}. Then
|S| = 2ℵ0 . Let P be any HI one-dimensional continuum (for example, the pseudoarc) and
let a1, a2, . . . be a sequence of points of P belonging to different composants of P such
that both subsequences {a2j : j ∈ N} and {a2j−1: j ∈ N} are dense in P .
For s ∈ S let Ys = L(P,Ki(s), ai), where for j ∈ N, K2j−1(s) = Xs and K2j (s) = Xsj .
By Theorem 2.1(iv) and (v), Ys is an HI continuum with indYs = α. Let ps :Ys → Ys be
the natural projection. Then
(1) no open subset of Ys embeds in Ys ′ , for s, s′ ∈ S, s = s′,
(2) if h :Ys → Ys is an embedding for s ∈ S, then h(Ys) = Ys and h = id.
The proof of (1) follows from the fact that every open subset of Ys contains a copy
of Xs and Xs does not embed into any composant of Ys ′ , for s, s′ ∈ T (cf. the proof of
Lemma 3.2).
Suppose now that h :Ys → Ys is an embedding. Then either h(Ys) is contained in some
composant of Ys or h(Ys) = Ys . In the former case, since h(Ys) does not embed in P , it
is contained in a composant L of Ys , which is the union of a subset of P and p−1s (ai),
for some i ∈ N . But Ys contains the continuum p−1s (ai+1), which does not embed in P .
Since Fréchet types of p−1s (ai) and of p−1s (ai+1) are incomparable, then p−1s (ai+1) does
not embed in L. This is a contradiction.
Suppose now that h(Ys) = Ys . We say that a proper subcontinuum of Ys has property
(∗∗∗), if no open subset of it embeds in P . Note that p−1s (ai) are the only proper
subcontinua of Ys maximal with respect to the property (∗∗∗). Thus, for every j ∈ N
there exists k ∈ N such that h(p−1s (a2j )) = p−1s (ak). But p−1s (ak) is homeomorphic to
p−1s (a2j ) iff k = 2j , so k = 2j . Since for every point x ∈ Ys \ p−1s (
⋃∞
i=1{ai}), the point
ps(x) is a limit of a sequence {a2jn}∞n=1, so by condition (vii) of Theorem 2.1 we have x =
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p−1s ps(x) = Limp−1s (a2jn) = Limh(p−1s (a2jn)) = h(x). Since the set Ys \ p−1s (
⋃∞
i=1 ai)
is dense in Ys , the map h is the identity. 
From Theorem 1.3 and the results of [13] we obtain the following result.
Theorem 6.2. Let α be an infinite countable ordinal number. For every m ∈ N there
exists a family Xαm = {X(K): K ∈ T } of cardinality 2ℵ0 consisting of HI continua with
indX(K) = α (respectively, IndX(K) = α), such that
(1) no open subset of X(K) embeds in X(K′) for every K =K′, K,K′ ∈ T ,
(2) for every K ∈ T the group G(X(K)) of homeomorphisms of X(K) onto X(K) is the
cyclic group of order m.
Proof (Sketch). Fix a countable infinite ordinal α. Let X = {Xs : s ∈ T } be the family of
cardinality 2ℵ0 of topologically different HI continua, such that indXs = α (respectively,
IndXs = α) for every s ∈ T and Xs does not embed into a proper subset of Xs ′ for s, s′ ∈ T ,
constructed in the proof of Theorem 1.3. One can choose a family T of cardinality 2ℵ0 of
sequences of continua from X such that if K= {Ki : i ∈ N} and K = {K ′i : i ∈ N} are two
different elements of T and i, j ∈ N , then Ki does not embed in K ′j and vice versa.
Given a sequence K = {Ki : i ∈ N} ∈ T one can construct a countable-dimensional
HI continuum X(K) with indX(K) = α (respectively, IndX(K) = α), satisfying the
condition (2), a mapping pK :X(K) → P onto the pseudo-arc P and a subset A of P such
that the conditions (1)–(3) given in the proof of Theorem 4.4 are satisfied. The construction
of X(K) is similar to the one given in the proof of Theorem 1.1 of [13].
Then the family Xαm = {X(K): K ∈ T }, satisfies the required conditions. The proof is
similar to the proof of Theorem 4.4. 
Added in proof
Let us note that the spaces Ys constructed in Lemma 3.1 are strongly chaotic, i.e., for
any two disjoint subsets U and V of Ys with U being open there is no homeomorphism
from U onto V (see J.J. Charatonik and W.J. Charatonik, Strongly chaotic dendrites, Coll.
Math. 70 (1996) 181–190). One can simplify the construction of Ys by taking K2j (s) equal
to Xsj instead of L(Xsj ,Mi(j), ai(sj )); the condition (2) follows then from the fact that
Ys constructed in this way is also strongly chaotic.
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